Damtp/1999-72 

POISSON-LIE T-DUALITY FOR QUASITRIANGULAR LIE 

BIALGEBRAS 

g^ ; Shahn MajidQ 

_i . Department of Applied Mathematics & Theoretical Physics 

^ ' University of Cambridge, Cambridge CBS 9EW, UK 

^: + 

t^ ! E.J. Beggs 

.^ . Department of Mathematics, 

/"^l University of Wales, 

. ■ Swansea SA2 8PP, UK 

May, 1999 



> 



a^ 



Abstract We introduce a new 2-parameter family of sigma models exhibiting Poisson- 

Lie T-duality on a quasitriangular Poisson-Lie group G. The models contain previ- 

f^ I ously known models as well as a new 1-parameter line of models having the novel 

■^ ' feature that the Lagrangian takes the simple form C = E{u~^U-^-,u~^U-) where the 

generalised metric E is constant {not dependent on the field u as in previous mod- 

(•~^ I els). We characterise these models in terms of a global conserved G-invariance. The 

Q^ ■ models on G = SU2 and its dual G* are computed explicitly. The general theory of 

Poisson-Lie T-duality is also extended; we develop the Hamiltonian formulation and 

the reduction for constant loops to integrable motion on the group manifold. Fi- 

C^ . nally, we generalise T-duality in the Hamiltonian formulation to group factorisations 

D = GtxiM where the subgroups need not be dual or even have the same dimension 

and need not be connected to the Drinfeld double or to Poisson structures. 
f^ ■ 

u ■ 1 Introduction 

Poisson-Lie T-duality has been introduced in [^ |Q] and other works as a non-Abelian version of 

T-duality in string theory, based on duality of Lie bialgebras. A motivation (stated in ||l|) is 

quantum group or Hopf algebra duality; this had been introduced as a duality for physics several 

years previously p] @ P |6[, as an 'observable-state' duality for certain quantum systems based on 

group factorisations D = GtxiM. In one system a particle moves in G under the action of M and 

its quantum algebra of observables is the bicrossproduct Hopf algebra C/(m)o4C(G), in the dual 

system the roles of G, M are interchanged but its quantum algebra of observables C(M)^<iC/(0) 
^Royal Society University Research Fellow and Fellow of Pembroke College, Cambridge 



has the same physical content but with the roles of observables/states and position/momentum 
interchanged (here 0,m are the Lie algebras of G, M respectively). Indeed, being mutually dual 
Hopf algebras the two quantum systems are related to each other by quantum Fourier transform 

T:U{m)txC{G)^C{M)p^U{Q), (1) 

see [^ where this was recently studied in detail for the simplest example (the so-called Planck- 
scale Hopf algebra C[p]mC[x] in ^.) Under this observable-state duality it was shown in Q that 
one had inversion of coupling constants as well as connections with Planck-scale physics. At 
about the same time, Abelian T-duality was introduced in H] and elsewhere as a momentum- 
winding mode symmetry in string theory with some similar features. The observable-state 
duality (|l|) is not, however, limited in any way to the Abelian case and indeed there is a natural 
model for every compact simple group G with M = G* the Yang-Baxter dual. Here a Lie 
bialgebra is an infinitesimal version of a Hopf algebra and has a dual g*, and G* is its asso- 
ciated Lie group. It is also the group of dressing transformations Q in the theory of classical 
inverse scattering and the solvable group in the Isawasa decomposition D = Gc = GcxiG* of the 
complexification of the compact Lie group G, see [p. Moreover, D = GixiG* is the Lie group 
associated to the Drinfeld double 0(0) of g as a Lie bialgebra |10|. The Lie bialgebra structure 
of also implies a natural Poisson bracket on GiTn]. Further details are in the Preliminaries; 



see also [11| for an introduction to these topics. These quantum systems f^(g)[>^C(G*) with 
observable-state duality were constructed in [^||5|[^ as one of the two main sources of quan- 
tum groups canonically associated to a simple Lie algebra (the other is the more well-known 
q-deformation of U{q) to quantum groups [/^(g)). 

The subsequent theory of Poisson-Lie T-duality Q indeed has many of the same features. 
One system consists of a sigma model on the group G with a Lagrangian of the form 

C = Eu{u~^u^,u'^u^), u : M^'^ -^ G, 

where u is the field, u± are derivatives in light-cone coordinates and Eu a bilinear form on g but 
depending on the value of u (a 'generalised metric' since E^ need not be symmetric). The dual 
theory is a sigma-model on G* with 

C = Et{t-^t+,t-^t_), t:R^'^^G*. 



The physical content of the two theories is estabhshed to be the same due to the existence of 
the larger group D = GcxiG* associated to the Drinfeld double 0(0). 

In the present paper we extend Poisson-Lie T-duality in several directions, motivated in part 
by the above connections with quantum groups and observable-state duality. From a physical 
point of view the main result is as follows: the previously-known models exhibiting Poisson- 
Lie T-duality require a very special form of the generalised metric E^ depending on u in a 
rather complicated way (related to the Poisson bracket on G). This is in sharp contrast to 



the usual principal sigma model[12| where the metric is a constant, the Killing form K. As 
a result, Poisson-Lie T-duality would appear to be somewhat artificial and to apply to only 
certain highly non-linear models where the 'metric' in the target group is far from constant. 
Even the explicit form of E^ is known only in some simple cases such as g = 5+ the Borel- 
subalgebra of SU2 Q. The g = SU2 case was discussed recently in [^] but still without fully 
explicit formulae for the resulting Lagrangians. Our main result is the introduction of a new 
2-parameter class of models within the existing general framework for Poisson-Lie T-duality but 
which much nicer properties. We also provide new computational tools using the theory of Lie 
bialgebras to compute the models explicitly. We obtain, for example, the explicit Lagrangians 
in the SU2 case and its dual. 

These new models require that g is a quasitriangular Lie bialgebra, i.e. defined by an element 
r ^ g^g obeying the so-called modified classical Yang-Baxter equations^^ . This includes all 
complex semisimple Lie algebras equipped, for example, with their standard Drinfeld-Sklyanin 
quasitriangular structure as used in the theory of classical inverse scattering. The quantisations 
of the associated Poisson bracket on G in these cases include coordinate algebras of the quantum 
groups Uq{g). This is therefore an important class of models, and we will find quite tractable 
formulae in this case. We use r not only in the Lie bialgebra structure (which is usual) but 
again in certain boundary conditions for the graph coordinates in order to cancel their natural 
u-dependence for the choice of certain parameters. This greater generality allows for a two- 
parameter family of models associated to this data. Moreover, in this extended parameter space 
there is a novel line of 'nice' models in which Eu = E^ is a. constant not dependent at all on u. 
This line includes at 00 the standard principal sigma model where E^ = K the Killing form, but 
at other points has an antisymmetric part built from r itself. In this way one may approach the 



principal sigma model itself along a line of sigma models exhibiting Poisson-Lie T-duality and of 
a simple form without additional non-linearities due to a non-constant generalised metric. The 
dual models are more complicated but at oo, for example, one obtains an Abelian model as the 
Poisson-Lie T-dual of the principal sigma model approached in this way (the latter lies on the 
boundary of the space of models exhibiting T-duality). These results are presented in Section 6. 

Also in the paper we develop the Hamiltonian picture of Poisson-Lie T-duality in rather more 
detail than we have found elsewhere; see also |14]. This is done in Section 3 after the preliminary 
Section 2. Among the new results is a more regular expression for the Hamiltonian that covers 
both the model and the dual model simultaneously. Also new is a study of the symmetries of the 
theory induced by the left action of D on itself. These are not usually considered because they 
are not conserved but we show that they do respect the symplectic structure. Moreover, when 
Eu is constant we show that the action of G C D is conserved and we compute the conserved 
charges. 

A second general development, in Section 4, is a study of the classical mechanical system on G 
(say) in the limit of point-like strings (i.e. x-independent solutions). We show that this constraint 
commutes with the dynamics and we provide the resulting Lagrangian and Hamiltonian systems 
and the phase space. The left action of D descends to the classical mechanical system and we 
show that it has a moment map. The conserved charges are computed in the case of constant E^- 
The dual model on G* equivalent to these point-solutions are not point solutions but extended 
solutions of a certain special form. We also discuss the quantisation of this classical mechanical 
system both conventionally and in a manner relevant to the conserved charges. Although these 
systems appear to be different from the systems U{Q*)t>^C[G] exhibiting observable-state duality 
at the Planck-scale ||3|, we do establish some points of comparison, such as a common phase space. 

Section 5 contains some further algebraic preliminaries needed for the explicit construction 
of Eu- We show that 

Ad:iEu) = iE;'+U{u))-' 

where H is the g g-valued function defining the Poisson-structure on G. To our knowledge this 
derivation differs from previous work in that we do not assume anything about E^^, in particular 
it need not be the Killing form usually added||2| to n as an ansatz. This greater generality allows 
us in Section 6 to present our main result; the class of 'nice' Poisson-Lie T-dual models based 



on quasitriangular Lie bialgebras. 

Finally, Section 7 introduces new 'double-Neumann' boundary conditions for the open string 
and proceeds for these (as well as more trivially for closed strings) to extend the Poisson-Lie 
T-duality in the Hamiltonian form to general group factorisations D = GcoM, where D need no 
longer be the Lie group of the Drinfeld double 0(0) and indeed m need not be g* but could be 
some quite different Lie algebra, possibly of different dimension. This is directly motivated by 
the observable-state duality models which existQ[ll| for any factorisation. It is also motivated 



by the Adler-Kostant-Symes theorem in classical inverse scattering which works for a general 



factorisation equipped with an inner product, see |11|. The dynamics are determined, similarly 
to the conventional bialgebra theory, by the splitting of the Lie algebra of D into orthogonal 
subspaces but these need no longer be of the same dimension (although only in this case is 
there a sigma-model interpretation). We also have an action of D by left multiplication on the 
phase space with the double-Neumann boundary conditions which us useful even for standard 
Poisson-Lie T-duality based on Lie bialgebras. In particular, it extends to an action of the affine 
Kac-Moody Lie algebra 5. 

Several directions remain for further work. First of all, only some first steps are taken (in 
Section 4) to relate T-duality to observable-state duality (|l|) in the quantum theory; our long 
term motivation here is to extend these ideas from particles to loops and hence to formulate T- 
duality for the full quantum systems as a duality operation on a more general algebraic structure 
(no doubt more general than Hopf algebras but in the same spirit). This in turn would give 
insight into the correct algebraic structure for the conjectured 'M-theory' about which little is 
known beyond dualities visible in the Lagrangians at various classical limits. Let us mention 
only that Poisson-Lie T-duality is connected also with mirror symmetry] 15] and indirectly with 



several other relevant dualities in the theory of strings and branes. 

Secondly, there are some interesting examples of the generalisation of Poisson-Lie T-duality 
in Section 7 which exist in principle and should be developed further. Thus, the conformal 
group on R" (n > 2) has, locally, a factorisation into the Poincare group and an M" of special 
conformal translations. The global structure of the factorisation is singular in a similar manner 
to the 'black-hole event-horizon '-like features of the Planck-scale Hopf algebra C[p][>4C[x] in y]. 
There is also the possibility in our more general setting of a many-sided T-duality (i.e. not only 



two equivalent theories) associated to more than one factorisation of the same group. 

Finally, the natural emergence of generalised metrics which have both symmetric and anti- 
symmetric parts is a natural feature of noncommutative Riemannian geometry [^] (where sym- 
metry is natural only in the commutative limit). This is a further direction that remains to be 
explored. Also to be considered is the addition of WZNW terms to render our 2-parameter class 
of sigma-models conformally invariant as well as the computation of 1-loop or higher quantum 



effects c.f. 1171 M 



Preliminaries 

We recall, see e.g. 1 11] that a Lie bialgebra is a Lie algebra equipped with (^ : g — > giS'fl where 6 
is antisymmetric and obeys the coJacobi identity (so that q* is a Lie algebra) and 

5[^,1]] =adg(r/) - ad^(0 

for all ^,ry € 0, where ad extends as a derivation. 

Next, associated to any Lie bialgebra g there is a double Lie algebra = gtx]g*°P. This is a 
double semidirect sum with cross relations 

where the actions are mutually coadjoint ones 

4»^ = {^[2],4>)^[i], 4>< = {^,4>[2])4>[i] 

where the angle brackets are the dual pairing of g* with g and S{^) = ^^i 62] • Here d is 
quasitriangular and factorisable (see later) and as a result there is an adjoint invariant inner 
product on d, 

Here 

9' = fl*°P (2) 

and s are maximal isotropic subspaces. We will need this description from which is somewhat 



more explicit than the usual description in terms of 'Manin triple' in Drinfeld's work [19|. 

Given a double cross sum of Lie algebras gcxim, we may at least locally exponentiate to a 
double cross product of Lie groups GixiM. This is given explicitly in |H]. We view the Lie 



algebra actions as cocycles, exponentiate to Lie group cocycles, view these as flat connections 
and take the parallel transport operation. The actions can be described by b{u) € g (8) m* given 
by b{u){(j)) = h^{u) = {4)'>u)u^'^ and a{s) ^ q* 0m given by a{s){^) = ag(s) = s~^{s<^). It can 
be shown that b € Zj^^^^,{G,g(E>m*) is a cocycle, where the action <* is a left action of G on 
m* given by dualising the right action <i : m x G ^ m. Also a £ -^iJ* g, Ad (-^' 0* '^ 1^)1 where Ad/j 
is the right adjoint action of M on m and >* is the right action of M on g* given by dualising its 
action on g. These Lie-algebra- valued functions a, b generate the vector fields for the action of 
g on M and m on G respectively. Thus, (/>!>« = bfj,{u)u where ^u = $, denotes the right invariant 
vector field on G generated by ^ E g. Similarly, s<^ = sa^{s). Once the global actions of G on 
M and vice-versa are known, the structure of GcxM is such that 

su = {s>u){u<s), yu£ G, s € M. (3) 

This allows every element of the double cross product group GixiM to be uniquely factorised 
either as GM or as MG, and relates the two factorisations. 

2 T-Duality based on Lie bialgebras 

We begin by giving a version of the standard T-duality based on the Drinfeld double of a Lie 
bialgebra [QQ- We will phrase it slightly differently in terms of double cross products with a 
view to later generalisation. Thus, there is a double cross product group D = GxiM with Lie 
algebra = g + m, and an adjoint-invariant bilinear form on d which is zero on restriction to g 
and m. The Lie algebra O is the direct sum of two perpendicular subspaces £- and £-^-. This 
means that m = g*"^, that the factorisation is a coadjoint matched pair and that d = D{q), the 
Drinfeld double of g, which is the setting that Klimcik etc., assume. 

On M? we use light cone coordinates x+ = t + x and x_ = t — x, where t and x are the 
standard time-space coordinates. Now let us suppose that there is a function /c : M^ ^ GcxiAf , 
with the properties that k^k~^{x-^^,X-) G £- and k^k^^{x^,x-) G S-^- for all {x-^-,x^) G M?. 
Then we see that, if we factor k = us for u G G and s G M, 

u~ u± + s±s~ G u^ £zfU . 

If the projection tTj, : i) ^ g (with kernel m) is 1-1 and onto when restricted to u^^S^u and 



u ^£+u, we can find graph coordinates £"„ : g — > m and T^ : g ^ m so that 

{^ + Eu{0-^^3} = u-^£+u and {^ + r„(0 : ^ G fl} = ^i"^^-t/ . 
It follows that s_s^^ = Eu{u^^u_) and s+s^^ = Tu(u^^n_|_). From the identity 

we deduce that u{x+,X-) satisfies the equation 

{Tu{u-\+))_ - {Eu{u-\^))^ = [Eu{u-\^),Tu{u-\+)] . (4) 

Klimcik shows that the Lagrangian density 

C = {Eu{u-\-),u-\+) (5) 

gives rise to these equations of motion. 

The dual theory is given by the factorisation k = tv, where t ^ M and v ^ G. If we let 
£^t : m — > g and Tj : m ^ g be the graph coordinates of t^^£^+t and t^^S^t respectively, then 
t(x+,x_) obeys the dual equation 

These are the equations of motion for a sigma model with Lagrangian 

C = {Etit-'t.),t-h+). (7) 

These two models are different but equivalent descriptions of the model defined by k. The (n, s) 
and (t, v) coordinates are related by the actions of the double cross product group structure: 

tv = {t>v){t<v) = us. (8) 

3 Hamiltonian formulation of T-duality 

There are two models considered in the last section, the first order equations of motion for 
k : M."^ ^ Gtx\M and the second order equations of motion for u : M."^ ^ G. The equations of 
motion for k -.'M? ^ Gtx\M are the natural way to introduce duality into the system, and are very 
nearly equivalent to the equations of motion for u : r"^ ^^ G. There is not a 1-1 correspondence 



between the systems, as multiplying k on the right by a constant element of M gives rise to 
exactly the same u. We have a Lagrangian and Hamiltonian for the u equations of motion, and 
can work out the corresponding Hamiltonian mechanics. However the reader must remember 
that this will not give the Hamiltonian mechanics for k, but rather for k quotiented on the right 
by constant elements of M. 

As pointed out by Klimcik, we can take the phase space of the system to be the set of smooth 
functions (7°°(M, D) (or more strictly C°°(M, D)/M), where we regard M to be a constant time line 
in M^+^, or C°°((0, vr), D)/M for a finite space. We will compute the symplectic structure more 
explicitly than we have found elsewhere and then obtain a new and more symmetric formulation 
of the Hamiltonian density that covers both the model and the dual model simultaneously. We 
will need this in later sections when we generalise to arbitrary factorisations, as well as for the 
point-like limit. 

3.1 The symplectic form 

We begin by showing that this is the correct phase space, i.e. that such a function encodes both 
u and -u on a constant time line. Thus, take k G C°°{R,D) or C°°((0, vr), D). As k{x) G D we 
can factor it as k{x) = u{x)s{x), so u{x) is specified on the constant time line. But we also 
know that 

and as we know SxS~^ and (T^ + Eu){u~^Ux), we can find (T„ — Eu){u~^ut). From this we can 
in principle find u~^u as the function ^ i-^ ^m(C) ~ ^uiO i^ 1-1 (if rj lay in the kernel of this 
operator then r] + Tu{rj) = rj + Eu{rj) G u~^{£-^- n£-)u = {0}). 

If we have a system with coordinates for configuration space qi, and Lagrangian L(qi,qi), 
then the canonical momenta are pi = dL/dqi, and we define a symplectic form on the phase 
space hy cj = J^dpi A dqi. With a little thought, it can be seen that this corresponds to the 
directional derivative formula (where we have taken a Lagrangian density C) 

(jj{u,u;a,b;c,d) = / (C"{u,u;0,c;a,b) — C"{u,u;0,a;c,d)) dx . 
Jx=o ^ ' 

If we write a change in k as labelled by y we get ky = UyS+uSy, and likewise for kz = UzS+uSz- 



From the last section, we can write the Lagrangian density for our system as 



4:Jl{u,u) = {Eu{u ii — u Ux),u ii + u u^) , 



so we can calculate a partial derivative 

4£'(n, u;0,c) = {Eu{u^ c),u^ ii + u^ u^) + {Eu{u~ u — u^ Ux),u^ c) 

= (Euiu'^u) -Tu{u^^u) - Eu{u~^Ux) -Tuiu'^Ux),u~^c) , 

so 2C'{u,u;0,Uy) = —{sxS^^,u^^Uy), which results in 

2C"{u, ii; 0, Uy] Uz,Uz) = -{{sxS'^)z,u~^Uy) + {s^s'^, u^^u^W^Uy) 

= -{iSzS^^)x,U^^Uy) + {[S^S^^ , SzS~^],U^^Uy) + {SxS~^,U^^UzU^^Uy) 

Now compare this with the standard 2- form on the loop group of D. Consider 

{ik~^ky)x, k'^kz) = {{s~'^Sy)x + [s^^u^^UyS, s^^Sx] + s~^{u'^Uy)xS, s~^Sz + s~^u~^Uzs) 

= {{SyS''^)x - [%S~\ Sj/S~^], U^^U^) + {[SxS''^, SzS'^],U~'^Uy) 
+ {SxS'^, [u'^Uz.U'^Uy]) + {SzS^^, iu~^Uy)x) ■ 



On integration we find 



{SzS ^,U ^Uy) 



x=0 



X = Q 



(((■SzS ^)x,U ^Uy) + {SzS \(U ^Uy)xyj dx 



so we have the following symplectic form on the phase space: 



ZtUJ\,f\i^ rhZ^ '^11 



x=0 



\[k ky)x,k kz) dx {SzS ,u Uy) 



x=0 



(10) 



Now we come to the complication, the fact that this form is degenerate on C°°{{0,tt),D). If 
we take a change in A: G C°°{{0,tt),D) given by k(f) for (/> € m, then uj{k;kz,k(f)) = for all 
kz- To remedy this we could remove the null direction by declaring that the phase space would 
actually be C°°{(0, vr), D)/M. Equivalently we could consider the phase space to consist of those 
k = us e C°°{{0,tt),D) for which s(0) is the identity in M. 

3.2 The Hamiltonian density 

The Hamiltonian density generating the time evolution can be calculated by 



4n = AC'{u,u;0,u)-AC{u,u) , 
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and using our previous result we can write this as 

4TC = —{Eu{u~ ii — u~ Ux),u~ Ux) — {sxS~ + Eu{u~ u — u~ Ux),u~ ii) 
= -{Eu{u~^U - U~^Ux),U~^Ux) - (Tuiu^^ii) +Tu{u^^Ux),u'^u) 
= {Eu{u^^Ux),u~^Ux) - {Tu{u~^u),u^^u) = {Eu{u~^Ux),u~^Ux) + {Eu{u'^u),u'^u) , 

or equivalently 

m = {{Eu-Tu){u-\x),u~\x) + {{Eu-Tu){u-^u),u~^u) . (11) 

Using the equation we derived for SxS~^, we can rewrite {{E^ — Tu){u'~^u),u^^u) as 

((r„ + Eu){u-\x) - 2sxs~\ {Eu - T„)-i((r„ + Eu){u~^ux) - 2sxS-^)) 
= -((T„ + Eu){Eu - Tur\Tu + Eu){u-^ux), u'^Ux) 

-4{sxS-\{Eu-Tuy\Tu + Eu){u-\x)) + 4{sxS-\{Eu-Tur\sxS~^)) 

If we observe that 

{{Eu-Tu){u^^Ux),u^^Ux) = {{Eu-Tu){Eu-Tuy^{Eu-Tu){u'^Ux),u'^Ux) 

then we can write 

AH = -{Tu{Eu - Tuy^Eu{u~^Ux),u'^Ux) - {Eu{Eu - Tu)~^Tu{u~^Ux),u~^Ux) 

- 2{sxS-\ {Eu - TurHTu + Eu){u^^ux)) + 2{sxS~\ {Eu - Tur\sxs-^)) . (12) 

To simphfy this equation we shah first look at the form of the projections to the subspaces 
u~^£+u and u^^£-u in terms of the graph coordinates. If we take £, ^ 9 and G m, we can 
write 

^ + 4> = {w + Eu{w)) + {y + Tu{y)), 

where w = {Eu - T^)-^ - (K - Tu)-^Tu{0 and y = {Eu - Tu)-^Eu{0 - {Eu - T„)- V- Then 
we can define projections 7r„+ and tTu^ to u^^S^u and u^^£-U as 

7ru+{^ + (p) = w + Eu{w) and 7r„_(^ + (/)) = y + Tu{y). 

It follows that 

(vr„+ - 7r„_)e = -2Eu{Eu - Tu)-^Tui - {Eu - Tu)-\Tu + Eu% (13) 

11 



(7r„+ - 7ru-)4> = '^{Eu - Tu)~^(t> + (T^ + ^„)(S„ - r^)-^ • (14) 

From this we can rewrite the last equation for the Hamiltonian as 

This can be further simphfied by removing the u dependence from the projections. If n^ is the 
projection to <f^+ with kernel £-, then iTu+ = Ad„-i o 7r+ o Ad^, and since the inner product is 
adjoint invariant we find 

ATi = {{tt^ — Tr-){uxU~^ + uSxS^^u^^),UxU^^ + uSxS~^u^^) (15) 

or in terms of combined variable on D, 

An= {{TT+-7r.){kxk-^),kxk-^) . (16) 

The equations of motion can similarly be written in terms of k as 

fcfc-i = (7r_ - TT+){kxk-^). (17) 

3.3 Symmetries of the models 
Returning to the equations of motion in the form k±k^^ € fip, it is clear that 

k^kd, deD (18) 

is a global symmetry of the model. This has been discussed in Q. In addition to this known 
symmetry we now consider 

k^dk, £±^d£^d-^, deD (19) 

which alters the subspaces £±- and hence the model. On our phase space picture, where the 
different subspaces appear as different Hamiltonians, this left translation in D may not preserve 
the Hamiltonian for a particular model, but rather takes us from one model to another. 

To have a dynamical symmetry of a particular model we can proceed to restrict to left 
multiplication by those d £ D such that d£±d~^ = £±. We distinguish two special cases: (1) 
The subspaces £± are G-invariant, and (2) The subspaces £± are M-invariant. In case (1) we 
say that the models are G-invariant. Then T„ = Tg and E^ = Eg are independent of u G G, 

12 



and the models themselves are simpler to work with. The actions of d G G by left translation 
in terms of the variables of the model and the dual model are 

{u, s) ^ {du, s), {t, v) ^ {{r^<d'^y^, {r'^>d'^y^v) 

respectively. To see if the left translation has a moment map, we consider kz = Sk for (5 G ^ in 
the equation for the symplectic form: 



x=0 



2u>{k;6k,ky) = / {k{k ky)xk ,5) dx — {szS ,u Uy) 

If (5 G g, then Sz = 0, so we have the moment map 

l5{k) = -- {kxk-^,6)dx , Seg. 

In terms of the sigma-model on G, this is 

-4:Isiu) = f{2u-\^ + {Tu - Eu)iu~\) + (T„ + Eu)iu-\^),u-^5u)dx , (5 G g 

which is a conserved charge in the G-invariant case. The left translations for 5 G m are not in 
general given by moment maps. 

There are analagous formulae for the dual model and the M-invariant case. We shall return 
to these symmetries when we have have discussed boundary conditions for the models. We shall 
also study the particular properties of G-invariant models in some detail in later sections. 

4 Solutions independent of x 

In this section we show that the systems above in the Hamiltonian form have 'point-like' limits 
where the solutions are restricted so that the field n, say, is independent of x. This then becomes 
a system of a classical particle moving on the group manifold of G. In the dual picture, i.e. in 
terms of the variable t, the model is far from point-like and instead describes some form of 
extended object in the manifold M. We obtain the Poisson brackets and the Hamiltonian and 
we study the symmetries, in particular the G-invariant case. The dual case where t is pointlike 
and u extended is identical with the roles of G and M interchanged and is therefore omitted 
except with regard to the study of this case when the model is G-invariant. 



13 



4.1 The point-particle Poisson structure 

The solutions which have u{x) independent of x are parameterised by initial values of u £ G 
and p = SxS^^ G m. This is because the equation SxS^^ = (T„ — Eu){u^^u)/2 shows that p is 
also independent of x. Therefore the effective phase space coordinates are (n,p) rather than the 
fields (ti(x),s(x)) in the general case. The symplectic form per unit length is then 

2uj{u,P;Uz,Pz,Uy,Py) = {py,U~'^Uz) " {p z , U~^ Uy) + {p , [u~^ U z , U'"" Uy\) , 

which is closed independently of the pairing used. This can also be written as 

2uj{u,p;Uz,Pz;Uy,Py) = {iupu~^)y,UzU~^) - {{upu'^)z,UyU'^) - {p,[u~^Uz,u''^Uy]) . (20) 

We now invert the symplectic form on the phase space m x G to find the Poisson structure. 
Define wq : (m g) (g)(m g) ^ M by 

2uJo{pye^y,Pz®Cz) = {Py,iz) - {Pz,iy) + {P, [^z,^y]) , yPy,Pz G m, Cy,6 ^ fl 

Take a basis Cj of q and a dual basis e* of m = q* (for 1 < i < n). Then we can take a basis of 
m as /j = e* for 1 < i < n and /j = ej_„ for n + 1 < i < 2n. Then in this basis, 

/^ id \ ^ ( A -id 

2uJo = \ and {2loo) = 

y -id A y \ id 

where Aij = {p, [cj, Cj]). The corresponding tensor is 

-cj(7^ = Y, (ci e* - e* Ci) + ^ (p, [e^, ej])e* 0e^' . 

l<i<n l<iii<" 

Now, u!{u,p;uS.z,Pz'iU^y,Py) = ^o{Pz © Cz,Py © S.y) SO its inverse, the corresponding Poisson 
bivector is given by left translation from lOq , 

7(p,u) =2^ei0e*-e*0ei + 2(5p (21) 

i 

where ^ = uS, is the left-invariant vector field generated by ^ € g. 

The Poisson bracket itself then can be described simply for functions f,g on G and S,,ri (^ 
= m* by 

{f,g}=0, {e,/} = -2e(/), {e,r/} = 2[^,r?]. (22) 

From this it is clear that we can quantise the system with the Weyl algebra C[G]xi[/(g) or at 
the C*-algebra level C(G)xiC*(G) where G acts on G by left multiplication. 

14 



4.2 The point-particle Hamiltonian 

We have shown that p = SxS~^ is independent of x, so s is of the form s = e^^a, where a (z M 
is also independent of x. To find the equations of motion we write k = ue^^a, where u (z G 
depends only on time, not on x. Then the equation of motion kk^^ = (7r_ — ■K^)kxk^^ gives 

which yields, for the case x = 0, 

and taking the first order terms in x gives 

p = [da"\p] . 
We can now get rid of the variable a and write the equations of motion in terms of u and p only, 



In the constant case, the Hamiltonian per unit length (15) restricts to 



m = ((7r+ - 7r_ ) (npn^^ ), upn"^) . (23) 

We have to check that the restricted Hamiltonian and the restricted symplectic form indeed 
correspond to these equations of motion, i.e. that the constraint of x-independence commutes 
with the original Hamiltonian. To do this, it will be convenient to first calculate from the 
equations of motion 

— {upu'^) = u[{tTu^ -iru+)p,p]u~^ = [(7r_ -7r+)(npn"^),npn~^] , 
at 

and now we can write 

2u;{u,p;Uz,P:,;u,p) 

= {[upu^ , (7r+ — ■K^)upU^ ],UzU^ ) — {{upu~ )z,UU~ ) — {upu^ , [UzU^ ,uu^ ]) 

= {[uzU~^,upu~'^],{t:j^ —■KJ)upu~^) — {{upu~^)z — [uzU~^,upu~^],uu~^) 

= {{upu" )z, (tT-I- — 'K^)upU^ ) — iupzU" , (vT-i- — 'K)upU^ ) — [upzU^ ,UU^ ) 
= {{upu'^)z:, {tT+ - ■K^)upu'^) - {pz,U''^U - {tTu- " T^u+)p) 

= {{upu~^)z, (7r+ - ■K^)upu~^) + {pz, aa~^) = 2Hz , 

15 



where we used at the end the equations of motion again, and then that {pz,aa ^) = as m is 
isotropic. In terms of graph coordinates, we can write the equations of motion as 



u ii 



-2{E^ - T^r'p = 2T-\EZ^ - T-Y'E-'P (24) 



p = -[{Eu + Tu){Eu-Tu)-'p,p] = [{E-' -T-'rHK' +T-')P,P] (25) 

and the Hamiltonian as 

m = {{7Tu+ - 7Tu-)p,p) = 2{{Eu - Tur'p,p) = 2{{E-' - T-Y'E-'P,E-'P) ■ (26) 

There is also a 'conjugate' description of the system which we mention briefly here. Although 
only SxS^^ = p is directly needed for solving the x-independent equations of motion for the u 
variable, the rest of the degrees of freedom in s are also an auxiliary part of the system from 
the point of view of the the group D. It turns out that one could equally regard (p, a) as phase 
space variables and solve the system in terms of them, with u regarded as auxiliary. Then the 
equations of motion would be 



aa 



7rn,(7ru„ - ■Ku+)p = -{Eu + Tu){Eu - Tu) V , p = [TTmiT^u- " ■Ku+)P,P\ ■ (27) 



If we work with the phase space m x M = g* ® G*, we can more easily compare the system with 
the classical phase space of the bicrossproduct Hopf algebra U{q)>*'C[G*] associated to the same 
factorisation of L* in Q . In fact both the Poisson structures and the natural Hamiltonians look 
somewhat different, but the general interpretation as a particle on M = G* with momentum 
given by p G 0* is the same. 

4.3 Symmetries of the point-particle system 

We now consider which of the translation symmetries of the general theory restrict to the x- 
independent solutions. First of all, the right translation symmetries are not interesting in this 
case: the right action by M is the identity on our (n,p) coordinates, while the right action by G 
does not preserve that u is x-independent. On the other hand, the left translation symmetries 
by (i E Z) do preserve that u is x-independent. We compute the Hamiltonian functions for these 
actions. First of all, for an infinitesimal transformation by G m the variations of u, upu~^ are 

u^ = (j)>u, {upu~^)^ = [4>,upu~'^] 
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and hence (^) yields 

2uj{u,p;Uz,Pz;u^,P^) = -{{upu''^)zA) 

for any variation Uz,Pz- Hence the Hamiltonian function generating this flow is 

1 1 

I,j>{u,p) = --{upu~^,(t)) = -h{u{p>u''^),cl)) = --{ubp{u~^)u~^,4>), \/(j) G m. 

Similarly, for an infinitesimal left translation generated by .^ € g we have u^ = S,u (the 
right-invariant vector field generated by ^) and p^ = 0. In this case we obtain more simply 

2uj{u,p;Uz,Pz]U^,P^) = -{{upu~^)z,0 
or the generating function 

ki'^,p) = -^{upu^^,^) = --{p<u'^,0, V^ G 0. 

The two cases can be combined into a single generating function or moment map 

Is{u,p) = -^{upu-\5), ySGd. (28) 

In particular, we see that if the model is G-invariant, so that G is a dynamical symmetry, 
then the projection of upu^^ to m, 

Qg = P<u-^ (29) 

is a constant of motion, the conserved charge for the symmetry. Likewise, if the model is 
M-invariant then the projection of upu^^ to q, 

Qm = ubp{u'^)u-^ (30) 

is a constant of motion. 

The Hamiltonian and the equations of motion also simplify in the G-invariant case, namely 
dll-dl) with Eu = Ee and T„ = Te. Writing U = 2{Te - Ee)~^ , V = \{Ee + Te), we have 



u-^ii = Up , p= [VUp,p] , AH = -{Up,p) . (31) 

Thus, the equations of motion decouple in this case; p is a quadratic function of p and u^^ii is 
a linear function of p, i.e. can then be obtained (in principle) by integrating p{t). 
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4.4 The extended system dual to the point-particle limit 

The dual model when u is x-independent is described by variables t, v both far from x-independent. 
The dual constraint is one where t is fixed to be x-independent, in which case the model in our 
original u, s description is far from x-independent. Rather, it is some form of 'extended solution'. 

We can reverse the order of factorisation k = ue^^a = tv to get t~^ = (e^^a)~"'^<in~-'^ and 
v~^ = (e^^a)^^i>n^^. Here n, p and a are functions of t only. It can be seen that t has a modified 
exponential behaviour in x, and that v is a constant acted on by an exponential as a function 
of X. In particular t will not satisfy the Neumann boundary conditions. 

The Hamiltonian can be written as 

where 7rt± are the projections to t~^S±t. The constraints on the dual system corresponding to 
constant u are that t>v and t^t^^ + tv^v^^t^^ are independent of x. 

5 More about graph coordinates 

In this section we provide some preliminary results on the explicit construction of the graph 
coordinates of the subspaces Adu-i£'± in terms of the actions of the groups on the Lie algebras. 
This is needed, in particular, for the explicit computations for the quasitriangular case in the 
next section. In fact it will be convenient to consider the inverses of the graph coordinates rather 
than the graph coordinates themselves, as the formulae are considerably simpler. 
Thus, given generic £±, the subspace Ad„-i£'+ contains elements of the form 

so we deduce that 

e;;\<I)) = Ad^-i{E-\^<u-^) + b^^-iiu)). 

We can write this as 

E-^ = Ad„ o E~^ o (( )<u), E-^ = E~^ + b{u). (32) 

Also observe that (s<u^^)>u = (s>u^^)^^ for any double cross product group, which implies 
that Adu-i6^<,„-i(u) = —b^{u~^) (this is part of the cocycle property for b). Hence we can write 
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equivalently 

E-\^) = M^-,{E-\^<u-^)) - h^{u-^) . (33) 

The same formulae hold for T replacing E. 

If we consider the dual model the subspace Ad(-i£'+ contains elements of the form 

Ad,-iiC@E-\0) = t-'>C®Mt-i{E-\0 + adt-')) = t-'>^(BEi\t-'>0, 
from which we deduce 

E;'^AdtoEi'oit-M)), E;' = E-' + ait-') (34) 

or equivalently that 

Ei\C) = Ad,-i(4-i(t>0) - «?(i) • (35) 

Similarly for T. Note also that E~'[(j)) + (j) £ £^ for all (?!) E m and since this also characterises 
-Eg (and similarly for Tg), we conclude that 

Ee = E-\ fe = T-\ (36) 

Finally, we specialise to the case of a coadjoint matched pair, i.e. where g is a Lie bialgebra 
and m = 0*, with 5 = gcxig* the Drinfeld double. Now, associated to the Lie bialgebra structure 
is a Poisson-Lie group structure on G defined by bivector 

7g(u) = n(~u) 

where ~ = i?* denotes extension as a left-invariant vector field and H : G ^ g g is the cocycle 
n G Z^j(G, 0) extending the Lie cobracket 6 € "^Idis, 9® s) (which is the derivative of n at 
the group identity). Since the action of 0* on in the coadjoint matched pair is just 6 viewed by 
evaluation against the second factor of its output, the cocycle generator b of its corresponding 
vector fields on G us just 6 = n in this case. Also observe that we could equally well have 
defined 7 as generated by n(//ii-invariant vector fields from some H^, say. Here 

n^(n)=Ad„-i(n(n)) = -n(n-^), 

the last equation by the cocycle condition obeyed by H. 
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To apply these observations to the above we write operator E~^ : m ^ g as evaluation 
against the second factor of elements E~^ G 0®g (we use the same symbols when the meaning 
is clear). Similarly for E^ . Then 

E~' = Ad,-i(i?-i) - n(n-i) = Ad,-i(i?-i) + U'^iu) (37) 

as elements of g^g. Inverting this defines the Lagrangian for our models, 

C = {Eu{u^ U-^),u^ u+) = Eu{u^ uj^,u^ n_) (38) 

where in the second expression we view E^ : g — > m as evaluation against the second factor of 
Eu G m®m. Or in terms of E^^ = Adu{E^^) € g^g, we have 

E-^ = E-^ + Uiu) (39) 

and the Lagrangian written equally as 

C = {Eu{u^u-^),u+u-'^) = Eu{u+u-'^,u-^u-^). (40) 

One or other of these two forms is usually easier to compute. 

Similarly, for the dual model we identify o(t) : g ^^ m with evaluation against the first 
component of 11 , i.e. a = —11 when the latter is considered as an operator by evaluation 
against its second factor (a convention that we adopt unless stated otherwise). Then 

4-1 = Adi-i (Ee) + n«(t), E~' = Ee + U{t) (41) 

and 

C = Et{t-H+,t-H^) = Et{t+t-\t^t-^) (42) 

is the Lagrangian for the dual model. 

These results allow us to explicitly construct the graph coordinates and the Lagrangians given 
a generic splitting of into subspaces £±. The latter are equivalent to specifying E^^,T^^ and 
these allow us to obtain the general E^^ etc., from ( |33| ) or from (^) etc., in the coadjoint case. 

6 Models based on g quasitriangular 

In this section we define a class of Poisson-Lie dual models based on the double of g (the usual 
setting) but in the special case where g is quasitriangular and factorisable. In this case were 
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are able to obtain much more explicit formulae for the model and the dual model than in the 
general case. 

A Lie bialgebra is quasitriangular if there is an element r E g (g) g such that 6^ = ad^ (r) and 
r obeys the classical Yang-Baxter equations 

[^12,^13] + [ri2, r23] + [ri3, r23] = (43) 

and has 2r-|_ = r + r2i ad- invariant. A factorisable quasitriangular Lie bialgebra is one where 
2r+ viewed as a map g* — > g is invertible. We denote its inverse by K. In standard examples 
where q is simple, K is a multiple of the Killing form viewed as a map. 
In this case there is an isomorphism [ 20 1 10] 



which also sends the bilinear form ( , ) on 5 to Kl — K^ on the two copies 0L,fl_R of fl- Here 
KljKr are two copies of K. Therefore the inverse image of ql,9r define a splitting of d into 



mutually orthogonal subspaces. From the explicit form of the isomorphism in [11] one finds 



^+ = {e-ri(K(e))+K(e)}, £- = {^-r2{KiO)-K{0}- (44) 

These subspaces are not generic, however (the graphs blow up) but they are the model for the 
construction which follows. In fact one has a two parameter family of models by varying the 
coefficients of ri, i^ in £^, etc., with graph coordinates in the general case. In another degenerate 
limit of these parameters one has the principal sigma model as well. 

6.1 Construction of the quasitriangular models on G 

The subspaces £± defining our model will be constructed by introducing parameters into ( |4^ ) 
in such a way as to preserve orthogonality. Equivalently, one may define suitable E~^,T~^. We 
then obtain the general graph coordinates by the method of Section 5. In fact we consider the 
second problem first as it leads to the most elegant choice of ansatz for the E~^ etc. 
Thus, in the case of a quasitriangular Lie bialgebra one has simply 

U{u) = Aduir) - r (45) 

for the cocycle defining its Poisson structure. This defines the Drinfeld-Sklyanin bracket on 



G when g is the standard quasitriangular structure|19] for a simple Lie algebra g. These are 
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also the Poisson brackets of which the associated quantum groups in this case are the quanti- 



sations. We refer to |11] for further discussion of these prehminaries. In view of (|45| ) and the 
results of Section 5, it is then immediate that the graph coordinates for the model on G in the 
quasitriangular case obey 

E-^= Ad„-i (i?-i-r) + r (46) 

as an element of g (8)0. This equation, together with a little linear algebra, allows the explicit 
computation of the graph coordinates for any model based on a quasitriangular Lie bialgebra, 
given suitable Fg. 

Motivated by (|43) we now let 



E-^ = (A + l)r + fxK-^ 

where A, /U are two complex parameters. For generic values we will indeed be able to invert to 
obtain graph coordinates Eu, T^ and hence will obtain a model of the type studied in Sections 2,3. 



Clearly, from (47), we have 

E-' = XAd,-i {r) + r + ^lK-' (47) 



as solving the equation (|4q) for all A, /x. If we denote by r2 : g* — > g the evaluation against the 
second factor of r G g (8 and similarly by ri for evaluation against the first factor, we have 
equivalently, as maps m — s- g, 

^-1 = (A + l)r2 + /x/f-^ = (A + /i + l)r2 + /xri (48) 

for our class of models. Similarly, 

T~^ = -(A + l)n - ^^K-^ = -(A + /x + l)ri - fir2. (49) 

These imply 

E-^-T-^ = {X + l + 2fi)K-\ S-i+T~i = (A + l)(r2-ri). (50) 

For further computations in the Hamiltonian formulation we need the difference of the as- 
sociated projectors 7r±. Rearranging (p^-(p^), we have 

(7r„+ - 7r„_)C = 2iE-' - T-')-'^ + (E-' + T-'){E-' - T-^'t V^ G fl, (51) 
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{7TU+ - TTu-)^ = -2E-HE-' - T-Y'T-'4> - {E-' - T-Y\E~' + T~')4>, V0 G m. (52) 
Evaluating at the identity and inserting the above results for E~^, etc., we obtain: 

((vr+ - ^_)e, = Y^^^r^KiC, 0, ((vr+ - 7r_)e, 0) = J^^^K{t (n - rs)./.) (53) 

((7r+ -7r_)0,</>) = ^--^-^i^(r-V,T-V) (54) 

K(T- V, T- V) = ^^^K((ri - r2)0, (n - r^)^) + iA±I±M!i^-i(0, 0). (55) 



These results provide for the computation of Hamiltonian from (|15| ) in Section 3. 

It remains to show that the above E~^,T^^ indeed define an orthogonal splitting of D into 
subspaces £± and to give these explicitly. First of all the corresponding subspaces defined by 



our choice oi E^^,T^ ^ are 

S+ = {Ee <P®9} = {t. , , -I , :C€0}, (56) 

A+ 1 +/i 

A + 1 + ^ 
To show that these form an orthogonal decomposition of 0, we calculate the inner products 

(E- V e cf>, r-V (BcP) = {E~'cf>, <A) + (</., r- V) = (A + l)((r2 - ri)(</>), <A) = 0, 

{E-'4> e ,/., ii;- V 0) = (i?- V, </>) + (-/>, i^;- V) = (a + 1 + 2^)^-1 (0, </<), 

(T-V e 4>, T-^<f> e 0) = (T- V, </>) + (-Z-, T- V) = -(A + 1 + 2fi)K-\(t>, <t>)- 

In particular, £"-1- are mutually orthogonal as required (the latter two equations show further 
that the inner product is nondegenerate on each subspace). To show that the subspaces span 
we need to show that 

e e = e-\^Ij) + V + T~\x) + X 

has a (unique) solution for ^, x G Tn for all ^ G g and G m. Clearly ■(/' + X = 0- Meanwhile, 
putting in the form of -E^T^, Tg^^ we have 

i = fiK-\i; - x) + (A + l)(r2(V) - n{x)) 

which can be rearranged as 

e + (A + l)(-r2 + ^K-'m = ^(A + 1 + 2/i)i^-i(V - X). 
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Thus we have an orthogonal sphtting if and only if 

A + 1 + 2^ / 0. (58) 

We assume this throughout. Moreover, the splitting has the inverse-graph coordinates E^^,T~^ 
computed above. 

This completes the construction of our model at least in the Hamiltonian formulation. In- 
deed, this can be defined entirely in terms of E~^,T^^ without recourse to Eu,Tu themselves. 
It is clear from our construction that: 

(1) The model is G-invariant if and only if 

A = (59) 

(or the Lie bialgebra structure on g is identically zero.) 

(2) The standard Lagrangian for the model (which requires E^) exists if and only if (H^) are 
nondegenerate, in particular when f^K dominates, i.e. 

|^1>>|A + 1| (60) 

and g is semisimple. 

We describe several special cases. 

Modified principal sigma model. 

This is obtained byA = — 1,;U = 1. Then 

f ± = U ± K{0 : C G 0}, E-^ = K'^ = -T-i (61) 

Here Eu is obtained by inverting F^ = K~^ — I[{u) and is not independent of n £ G. Considering 
K, n as maps K, II2 by evaluation against the second component, we have 

E-' - T-i = 2K-\ E-' + T-i = 2n^(7/) 

for this model. Here H (n) defines the Poisson-bracket associated to the Lie bialgebra structure 
of G and is viewed as a map m ^ g by evaluation (as usual) against its second factor. In 
particular, the Lagrangian is 

C = {{K-^ + U^{u))-\-\-,u-\+) = {{K-^ + U{u))'\u.u-^),u+u-^). (62) 
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This recovers the setting of [|| , for example, as a special case of our class of models. Note 
that the formulae for general fi but A = —1 are strictly similar, with Eu = {fiK^^ + n^(u))^^ 
in the Lagrangian instead. 

Pure-quasitriangular and principal sigma model. 

The G-invariant models are obtained by A = 0, /i = 0. In this case 

E-^ = E-^ =r2 + fiK-\ T-i = T-i = -n - f,K-\ 

For the equations of motion we can use the equations u^^U- = E^^{s-S^^) and u^^u^ = 
Tg~^(s+s~^) since the operators E~^ and T~^ are defined as above, even though Ef, and Tg may 
not be. Then the equations of motion are most conveniently described as a sigma model for s, 
with equation 

(T-i(s+s-i))_ - {E-Hs^s-')h = -[E-Hs-S-'),T-Hs+s-')] . 

We see that this case contains another sigma model on the dual group which makes sense in 
the G-invariant case. Indeed, in the general G-invariant case the variable s may be considered 
to have a complex parameter fi, which makes this look very much like inverse scattering for the 
sigma model. Moreover, for generic /U, the operators E^ and T^ do exist, and both u and s are 
described by sigma models. 

The pure-quasitriangular model is the special case with ^ = as well. In this case the 
subspaces £± are the ones in (44) corresponding to the Drinfeld double as qxq. This new class 



of models has Hamiltonian defined by 

^((7r+ - ^_)(e e 0), e e </.) = Kic, + m, in - r2)4>) + K{n{((>),ni(t>)). 

The principal sigma model is the limit with /i ^ oo and a suitable rescaling. It is on the 
boundary of our moduli space of quasitriangular models. Then 

£^ = {^ + ^-\^-rioK{0) + K{0)}, £^ = {^ + fx-\^-r2oK{0)-K{0)} (63) 

and 

Ee = lJi'\K-^ + /U^Vs)-^ = li'^K{l - /x-Va o K + ■ ■ ■) 
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Hence the Lagrangian is 

£{u) = ((^K"^+r2)~^(u"^ii_),u"^u+) = fi~^K{u~^u-,u~^u+)+fi~'^K{r2oK{u~^u-),u~^u+)+- ■ 

(64) 
which after an infinite renormahsation has leading term the usual principal signia model. 
The equation of motion, to lowest order in fJ,^^, is 

This is the usual principal signia model equations of motion to lowest order in fi~^, namely 

iu-\+)- + {u-^u^)+) = 0. 

6.2 Quasitriangular models on SU2. 

We now compute these models for the group G = SU2 and for its other real form G = S'L2(M). 
Actually, only the second of these is strictly real and quasitriangular. Thus, with a basis {H, X±} 
for its Lie algebra (with the usual relations), we take the Drinfeld-Sklyanin quasitriangular 
structure 

4 
Let 5^2(11^)* have the dual basis {(l),ip±} then its Lie algebra structure is 

and the other required maps are 

Note that if we take a different real form 

ei = ^(X+ + X_), e2 = ^(X+-X_), es = ^H 
then [eijCj] = eijkSk (the real form 5^2) but 

r = - ^ Cj (g) ej + t{ei (8) 62 - 62 (8) ei) 

i 
is not real in this basis. If {/j} is a dual basis then 

r2{fj) = -ej + leieijs, K = --^id- 
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This means that although we can arrange for a completely real Lie bialgebra SU2 in this basis 
(here the Lie coalgebra is purely imaginary but we can rescale r to make it real) it is not a 
quasitriangular one over E; the required r if we want to obey (^3|) lives in the complexification. 
In the above conventions the Lie algebra ,3/2 in the dual basis is imaginary, 

[/i> fj] = ^i^ik^jS - SjkSi3)fk- 

The choice of basis e* = —ifi is its real form su2- 

Modified principal sigma model on SU2- 

To construct the model we will need n(M) = Ad„(r_) — r_ quite explicitly, where r_ = lei A 62 
is the antisymmetric part of r. For our purposes we write SU2 as elements 

Then working with the matrix representation ej = -^^i given by the Pauli matrices it is easy to 
find 

Ad„-i(ei) = »(a2 - 62)ei + ^(a^ + 6^)62 - 2^{ab)e3 

Ad„-i(e2) = -9(a2 - 6^)ei + ^{a'^ + 6^)62 + 2^(06)63 

and hence 

U^{u) = 2zei A e2|6p - 63 A ei{ab - ab) - 162 A 63(06 + ab) (65) 

after a short computation, which is purely imaginary (as expected). Evaluating against the 

second factor and regarding as a matrix we have 

/ 1 -?|6|2 -iQ{ab)\ 

E~^ = K-^ + n^(u) = -2 i\b\\ 1 i^{ab) . 

\i9(a6) -in{ab) 1 / 

Here E~^{fj) = E~j e^, where {E~j ) is the matrix shown. Note that we can write 

miab)- 
ET-,^ = -2{6ij + leijkTTk), vr = Q{ab) 

and any matrix of this form has inverse 



1 

2(l~7r2) 



^'^ ^ " on _^2\ ^^ii ~ '^^iJkTTk - TTiTTj). 
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Here vr^ = vr • vr = [6p in our case. The corresponding operator is Eu{ej) = Eijfi. To cast the 
resulting Lagrangian in a useful form let us note that 

Tr (id - Tf)aiaj = Tr (id - vr • a){6ijid + leijkcrk) = "^{^ij - leijkTTk) 

where Cj are the Pauli matrices and if = it ■ a. Hence in our representation of SU2 in basis 
Ci = — ^ we have 



—2 I Tr [(id - Tf)u ^u+u ^u^] - -' 

\(X\ \ Zi 



£ = — ^ ( Tr [(id - 'jj:)u-^u^ur^u^\ - -Tr [y-u^^u+jTr \iu-^u^\ ) (66) 



where 



^=1 ab \b\') = [b 0J^ = ^ U 

The matrix Eij here is complex since H^ in our conventions is imaginary. For a completely 
real version of this model on SU2 one should keep the freedom of general fi in this class of models 
so that E~^ = fiK^^ + n (u) and then set fi = i. Taking the real normalisation of SU2 as a Lie 
bialgebra (i.e. multiplying r by —i so that r_ = ei A 62 and K~^ = 2zid) gives the same E~- 
as above but times —i off the diagonal. One may also work of course on G = 5L2(K) with real 
r, K for a completely real model with /u = 1. 

This class of models has been considered specifically for SU2 in |13|, although not so explicitly 
as above. 

Pure-quasitriangular and principal sigma models on SU2- 

Here we take A = and can write down immediately 



which has inverse 



1 + 2/i -I 

E„i = E-i = -( I 1 + 2/. 

1 + 2/i, 



l+2fl i r. 

^ ^ ^i^ 



1+2^ ■ 

for /i 7^ 0, — 2, — 1. The Lagrangian defined by this can be conveniently obtained by writing 

/ 

Eij^ = -(1 + 2fi){Sij - leijkTTk), vr = 
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which imphes (by similar computations to those above), 

£ = — ; r I Tr [f „ ] u^ u+u^ u_l -Tr W'^'.u^ n + iTr W'^'.u^ uJ\ ) . 

This singular for the pure quasitriangular model where /U = 0, and also does not have a good 
limit at ^ = oo for the principal sigma model. Rather, wehave well-defined equations of motion 
conveniently described as a sigma model for s € M as explained above, using E~^ and a similar 
matrix for T^^. 

On the other hand, by changing the normalisation of the Lie bialgebra structure (namely, 
dividing r by fi) we have £"„ with the same matrix as above but without the ^"^ factor in front. 
This rescaled Lagrangian is well defined both for ^ = and 11 = 00, with 

r / l'^^ [(-'^ "'" o'3)u~^n+u~^u_] — jTt [a3U~^U-^]Tr [a^u^^u^] as /x ^ 
\ Tr [u^^u^u^^u_] as ^ ^ 00 

The first limit is the Lagrangian for the rescaled pure-quasitriangular model on SU2, while the 

second is the standard Lagrangian for the principal sigma model on SU2 based on the Killing 

form of SU2- 

Notice that in this rescaled model the Lie cobracket of SU2 is infinite at /x = 0, i.e. the Lie 
algebra m has infinite commutators, and zero at ^u = 0, i.e. the Lie algebra m is Abelian. The 
geometrical pictures behind these two models are therefore very different but interpolated by 
general ;U. 

Also note that the /i = limit here is again defined by a complex Lagrangian. For a real 
version one may look at the pure-quasitriangular model on G = SL2{R) instead. Here we have, 
clearly, 

V^-/ V(i + ^)^+/ \x^J \ ^+ 

As before, we take out a factor fi by rescaling in order to obtain well-defined operators E^ at 
// = 0,00, this time with all coefficients being real in our choice of bases. The corresponding 
Lagrangian can easily be written out explicitly upon fixing a description of u G 5^2 (M). For 
example, if we write 

so that 

u-\± = x±X+e-^^ + (/i± + yx±e-'^^)H + (y± - 2yh± - 2y^x±e-^^')X^ 
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using the relations of s/2 then the rescaled ^ = hniit gives the Lagrangian 

as the pure-quasitriangular model on S'L2(K). The // = cxo limit is the standard principal sigma 
model on S'L2(M) and the general case interpolates the two. 

6.3 Dual of the quasitriangular models on G* 

The quasitriangular models are examples of the case where the factorisation is based on the 
Drinfeld double associated to a Lie bialgebra, so that E~^ is related to the Poisson-Lie group G. 
Hence the dual models are of the same form but based on the Poisson-Lie group G* rather than 
G, i.e. with with n(t) G m<8>m in place of H. As explained in Section 5 we can then construct 
them from the initial data 

- -1 
as given above for our quasitriangular models. We compute E^ = E(. + n(t) and invert to 

obtain the Lagrangian 

C = {{Ee + tlit))-H_t-\t+t-^) (67) 

for the dual model. For the models below, where there is no special Adt-invariance of Eg, this 
is easier than computing the Lagrangian via Ef. 

We outline the results for SU2 and 5L2(K)*. First of all we describe these groups explicitly. 
The former is generated by the basis {—ifi}, i.e. we write (p = </'i(~*/i) G ^ for real (pi, which 
we regard as a vector (p. One standard representation of the resulting group is as matrices of 
the form 



X z 
x" 



11, X > 0, zee. 



This is the group occuring in the Iwasawa decomposition SL2{C) = SU2^SU2 , see [11|. Another 
description useful for very explicit computations is as the semidirect product R^xiM |1^], which 
can be viewed as a modified product on M^. Elements are s G M^ with S3 > — 1 and the product 
law and inversion are 

S3 + 1 
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The exponentiation from the Lie algebra to a group is exphcitly 

for s = e*^ in the natural 3-diniensional coadjoint representation. See [11|. The real form 



SL2{R)* has a similar description as CxlR, i.e. where S2 is imaginary and si,S3 real with 



S3 > — 1 according to the conventions in [11|. Note that x = S3 + 1 is multiplicative under the 
group law if one wants a more standard notation. 

The Lie bracket on su2 determines the Lie cobracket and Poisson structure on SU2 (and 



similarly on SL2{R)*). It is given by |11] 



Explicitly, 



n(s) = -lieijaSa + -s'^eij3)fi'^fj- 



iU{s) = i(s? + si + (S3 + 1)' - l)/i A /2 + S2/3 A /i + S1/2 A h. 



Note also that the notation s±s ^ means more precisely Rg-i^s±. Similarly for s ^s±. In 
our present group coordinates, from the product law, it is easy to see that 

Ls^c/) = (S3 + 1)0, i?s*0 = + 03S. 

Dual of the modified principal sigma model. 

We set A = — 1 and /i = 1. Then 

i 

Hence 

.-1 1 . /O 

and 

This defines the Lagrangian 

where Rt-i*t± is computed as 

v±r= 4 - 1±3 



ts + l 
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As before, the model in the form stated is complex but with a different choice ^ = i and different 
normalisation of r we can obtain a real model as well. 

Dual of the pure-quasitriangular and principal sigma models. 

Here we set A = 0. Then rearranging E^ above as an element of m(8)m we have 

^- = --T f^T^(/i ® /i + h®h) + -^h®h + T^/i A f^ . 
4/iVl + ^ 1 + 2^ 1 + ^ / 

One may then compute 

and hence the Lagrangian. The result does not have any particular simplifying features over the 
A = — 1 case above, so we omit its detailed form. 

Both limits of ^ are singular, and require rescaling. The fi ^ oo case makes sense after a 
rescaling of r to r/fi. This in turn scales the Lie cobracket of g by fi^^ and hence also changes 
the Lie algebra structure of m to an Abelian one plus corrections of order fi^^. The effect of 
this is to change the exponential map and the group law of G* , making the latter Abelian. This 
can be expressed conveniently by working in new coordinates with t scaled by fi^^. In this new 
coordinate system we have 

Et = -2-id + Oip-^) 

since IT is linear in t to lowest order. The Lagrangian is 

Thus the dual model to the principal sigma model on SU2 is an Abelian one based on the group 
M^ with the usual linear wave equation. 

The similar limit for the pure-quasitriangular case is ill-defined since the Lie bracket of m 
becomes singular as ^ ^ 0. Other scaling limits of both the original model and its dual are 
possible in this case. 

6.4 Point-particle limit of the quasitriangular models 

We have seen that the point-particle limit where u is independent of x reduces to a classical 
mechanical dynamical system on the group G. For our quasitriangular models we have the 
following special cases. 
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Point-particle modified principal model. 

From the expressions for E~^ etc. above, the Haniiltonian is 

n = ^K-\iK o n^(u) + l)p, {K o U2iu^^) + l)p) (68) 

and the equations of motion are 

u-^u = K-^o{{Kon^{u)f -l)p, p=[KoU^{u)p,p]. (69) 

In this limit both the case entirely over R or the case where r and hence the cobracket are 
imaginary lead to well-defined real equations of motion. In this case 11 is imaginary but so is 
the Lie bracket of m in the dual basis to the real basis of q. 

For example, we can either work on G = SL2{R) or, as more usual, on G = SU2- In the 

latter case (see above) we have 

/ -|6|2 -Q{ab)\ 

K o n^(u) = I |6|2 ^{ah) = leijkTikh ® e^ 

\Q{ab) -K(a6) / 

Using the complexified Lie bracket on su2 we have the equations of motion for p = Pifi (with pi 
real) as 

p = p{px 7r)3 -pspx vr 

in terms of the vector cross product. This can be written explicitly as 

P3 = 0, f)= --abp^ + -ab{\p\^ + 2p'^) +i\bfpps, p = Pi + tp2 

after a short computation. On the other hand, 

{K o U^f - l),j = (^2 _ 1)^.^. _ ^^^^. 
hence the equation for u is in our basis Cj = ^^^ of SU2 is 

u~ ii = l{'K — l)]j) — llflT ■ p. 

In our case tt^ = |6p and it ■ p = ^{pab) — \b\'^p3, hence 

n=-^(° l)ip-ab+-pab-2\b\'ps)-Aa\'u(^P'^ /^^ 



Explicitly, this is 



-z\a\^{ap3 + bp), b = ibps, - ^{'^ + \a\^)ap - -pab^. 



One may verify that this preserves \a\ + \b\ = 1 as it must. 
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Point-particle pure-quasitriangular model. 

We set A = and E^ = E^. etc (the models are G-invariant). The Hamiltonian and equations of 

motion are then 

2n = -i— i^((r2 + fiK-')p, (r2 + fiK~')p) (70) 

1 + 2^ 

2 2 

u-^u= -—^{r2+ fJ-K'^)oK o{ri+ fiK~^)p, p= ^ [K or2P,p]. (71) 

Since these models are invariant, we know that p<u~^ is conserved. This means that we can 
let Q = p{0)<u{0)'^ G m be fixed and substitute p{t) = Q<u{t) into the equation for u. We then 
solve a first order non- linear differential equation for u{t). 

In particular, in the limit // = we obtain the x-independent limit of the pure-quasitriangular 
model. Thus 

H = -K{r2P,r2p), u^^u = 2{r2 o K - l)r2P, p = 2[K or2P,p] (72) 

using ri + r2 = K^^ to rearrange. In this case it makes sense to consider the reduced variable 
^ = r2P and write the equations of motion as 

u-^ii = 2(r2 oK- 1)C, i = 2[r2 o K^, ^] (73) 

where we use that r2 : g* — > g is a Lie algebra homomorphism in view of the classical Yang-Baxter 



equation (|43D|11|. We only need to solve this for ^ in the image of r2 but it is interesting that 
the equation makes sense for any ^ as an interesting integrable system on the group manifold. 

We can solve this for our strictly real form g = sl2{R). We will solve it here for the general 
(|7^; the special case of interest is similar but more elementary. Thus, 

r2oK\x+\ = \x^ 

so, writing ^{t) = h{t)H + x{t)X-^- + y{t)X^, we need to solve 

u-^ii = -h{t)H - 2y{t)X^ 
and 

hH + xX+ + yX_ = [hH + 2xX+, hH + xX+ + yXJ\ = 2xyH - 2hxX+ - 2hyX_ , 
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which is the system of equations 

h = 2xy, X = —2hx, y = —2hy. 



Note first of all that 



sc^^^'"" 



so 



,2 ^"^ 

h +xy= — 
(say) is a constant. Inserting this into the equation for h yields the Riccati equation 

h--uj'^ + 2h^ = 
2 

which has the general solution 

1 sinh(a;t) H ^cos\i{ujt) 

^ cosh^wrj H ^ sinh(a;rj 

We can then compute y as 

y(t) = e-2/o'^M%(0) 

and similarly for x{t). Since we only need /i, y to obtain u{t) we can consider the choice of x(0) 
to be equivalent to the choice of lo (at least in a certain range). The initial values of h,y then 
determine their general values as above, and these then determine u{t) given u(0). The latter 
can be expressed explicitly in terms of integrals on fixing a coordinate system for 5L2(M). 

For the point-particle limit of the pure quasitriangular models we are only interested in 
^ € 6-1- (the image of r2), i.e. we specialise to solutions of the form y(0) = 0, which clearly 
implies y{t) = and h = 0. In this case the solution is clearly 

^(t) = ^H + e~'^'x{0)X+, u{t) = n(0)e-^'^*^. 

for initial data uj,x(0),u{0). 

For the full physical momentum p{t) we go back to ([f2|). If we write p = 2uj(j) + xip- + xt/jj^ 
say, then a similar computation using the Lie algebra of s/2(K)* gives uj constant, x = —ujx as 
before, and additionally x = ujx. Hence the solution is 

p{t) = 2u;(f) + e-'^*x(0)V'- + e'^*x(0)V'+, u{t) = n(0)e"5'^*-^ 

35 



for constants uj,x{0),x{0). As a check, it is easy to verify that 

Qg = P<u-^ = (p^e5'^*-^)<'u(0)-^ 

is conserved. Here ip±<H = =f2'0± fmd (jxH = is the relevant coadjoint action. 

Point-particle principal model. 

In the hmit fi —^ oo of (|70[)-([7l|), we obtain the x-independent limit of the principal signia model. 
Here 

where p = fip is the renormalised momentum variable. This has the general solution 

n(t) = n(0)e-*^"P, p{t)=p{0). 
It is easy to see that Q = p<u~^ is constant as well, using K ad-invariant. 

7 Generalised T-Duality with double Neumann boundary con- 
ditions 

So far we have worked on providing a special class of Poisson-Lie T-dual models within the 
established general framework. We now return to our Hamiltonian formulation of the general 
framework and observe that in this form the main ideas can be extended to a much more general 
setting. Thus, from the symplectic form and the Hamiltonian we have just calculated, we can 
see how the definition of T-duality could be generalised. Begin with a Lie group D, with Lie 
algebra 0, and suppose that 5 is the direct sum of two subspaces £- and £^+. We take 7r+ to be 
the projection to £"+ with kernel £"_, and 7r_ to be the projection to £- with kernel £+. 

Suppose that there is a function A; : M^ — > Z?, with the properties that k^k^^{x^,x-) £ £- 
and k^k^^{x^,x^) € £+ for all (x+,x_) E M^. Then the relation k^k~^{x+,X-.) G £- can be 
summarised by ^T-^-{k-^k^^) = 0, and similarly we get TT-(k-k^^) = 0. This gives the equations 
of motion on 

kk-^ = (7r_ -TT+){k^k'^) . 

Now we look at the symplectic form on the phase space. Suppose that 5 has an adjoint 
invariant inner product (,). If we imposed boundary conditions that A;(0) and A;(7r) were fixed, 
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then the symplectic form we computed earher becomes 

2uj{k;kz,ky) = / {{k~'^ky)x,k~'^kz) dx . 

Jx=0 

If we substitute kz = t, then we get 

2Lo{k;k,ky) = / {k{k'^ky)^k-^ ^kk'^) dx = / {{k^k'^^in- - ■K+){k,,k''^)) dx 

Jx=0 Jx=0 

and so 

/"IT 

,-1 /^ ^ \/h h-l 



Auj{k;k,ky) = -D(fc.fc^) / {k^k , (7r+ - 7r„)(/c^/c )) dx , 

Jx=0 

on the assumption that 7r+ — 7r_ is Hermitian. This will be true if the subspaces £^ and £^ are 
perpendicular with respect to the inner product. Then we see that uj{k;ky,k) = D(j^.^, ^TC{k), 
where 

gives the Hamiltonian generating the time evolution. 

The form of the boundary conditions we have imposed here should not come as too much 
of a surprise. Normally the string has boundary conditions (for k = us with u G G and t G M) 
Ux = at x = OT x = IT. This Neumann condition is designed to prevent momentum transfer 
out of the string at the edges. But if the system is to be completely dual, we also need to impose 
a corresponding Neumann condition on the dual theory, which leads to the boundary condition 
kx = 0, the 'double Neumann' condition. But then the equation of motion states A; = on the 
boundary. Alternatively, if the reader prefers to work over x € M, we just deal with rapidly 
decreasing solutions. In either of these cases, the symplectic form really is non-degenerate. 

Now we have a phase space and Hamiltonian for the equations of motion just based on an 
invariant inner product on D and an orthogonal decomposition £- and £"+ of 0. If we take D 
to be a doublecross product D = GixiM, and assume that the subspaces Adu-i£'± have graph 
coordinates T^ and E^ as before, we again recover the previous equations of motion for u ^ G 
in the factorisation k = us, 

{Tu{u'^u+))_ - (Euiw'^u^))^ = [Eu{u~^u_),Tu{u^^u+)] . 

Importantly, we do not need to assume that the inner product has any special properties with 
respect to the decomposition = g + m (such as being zero on g). We can also give the form of 
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the Hamiltonian for this general case: 

The corresponding dual formula would produce exactly the same value. 

7.1 Poisson brackets and the central extension 

In this section we continue with the generalised T-duality and boundary conditions of the last 
section. The phase space for our system is infinite dimensional, so it is rather hard to describe 
the functions on it directly. We shall describe a 'nice' set of functions, and hope that more 
general functions are expressible as a product of these nice functions. 

If t; G C°°{{0,TT),d), we can look at the vector field kz = vk for k E C°°((0,7r), D). To 
preserve the boundary conditions we consider only those v € C°°((0,7r), o) which tend to zero 
at the end points. Consider 



uj{k;ky,kz) = -9 / ^''^ fcs/)x,fc kz) dx = -- {{kxk )y,v)dx = --D(^k;y) {kxk ,v)dx 

It follows that the function which acts as a Hamiltonian generating this flow is 

fv{k) = -- I {kxk^^,v)dx . 

We can calculate the Poisson brackets between these nice functions quite easily: 

{fvjw} = fv{k-,wk) = f[y^^] - - {wx,v)dx . 

We now see the appearance of a central extension term in the Lie algebra. The Poisson 
brackets can be written as {fv,fw} = f[v,w] + '^{'^■>w)fci where fc{k) = 1 and the cocycle 
'd{v,w) = — J{wx,v) dx/2. We can also manufacture a derivation term, which corresponds to 
the momentum (the operation of incrementing the x coordinate). Consider 

LO[k', ky, kx) = —— I \\k ky)x,K Kx) dx = —— / {(KxK )y,kxk ) ax 
= ~~:'L){k;y) / \kxk , kxk ) ax . 

Thus the momentum is given by 

fd{k) = -- {kxk~'^,kxk~^)dx . 

A brief calculation shows that {fd,fv} = fv' and {fd,fc} = 0. 
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7.2 Adjoint symmetries of the model and dual model 

In this section we consider the left multiphcation symmetry again, however this time we can 
simultaneously describe the action on the dual models. This requires some care with the bound- 
ary conditions, and we shall take the double Neumann condition on loops, i.e. k = e and k^ = 
at both boundaries. The operation of left multiplication by constants does not preserve these 
conditions, but we can use our freedom to introduce a right multiplication to work with the 
adjoint action instead. 

Take the action on the phase space given by Ad^i for d a D. This preserves the bound- 
ary conditions, and preserves the models in the case where Add£± = £±- The corresponding 
infinitesimal motions are generated by the moment map 

h{k) = -- l{k^k~\6)dx , (5 G 0. 

If the map ad^ preserves the subspaces £± then this formula gives conserved charges for the 
system. 

7.3 Automorphism symmetries of the model and dual model 

Here we consider symmetries of the phase space arising from group automorphisms : D = G txi 
M ^ D. This is really a generalisation of the previous subsection, where we just considered 
automorphisms given by the adjoint action, i.e. inner automorphisms. We consider the same 
boundary conditions as in the last subsection. For convenience we also assume that the two 
subspaces 9£± of the Lie algebra are perpendicular for the given inner product. This is not 
really needed, as we can always manufacture a new Ad-invariant inner product from the old one 
using the automorphism in order to make this true. 

Given these conditions, any automorphism 9 : D ^ D will induce a map 9 on the phase 
space given by {9k){x) = 9{k{x)). This map will be symplectic if 9 preserves the given inner 
product on 0, and if 9£± = 8± then the map will preserve the given models. In general 9k will 
factor to give G-models and dual M-models which are a mixture of the original G-models and 
dual M-models given by factoring k. However there are two special cases worthy of mention. 

1) The automorphism 9 : D ^ D is called subgroup preserving if 9G C G and 9M C M. 
In this case a factorisation k = us iov u G G and s G M is sent to 9{k) = 9{u)9{s), and 9{u) is 
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a solution of the sigma model on G. In the same manner, if t is a solution of the sigma model 
on M, then 6{t) is also a solution of the sigma model on M. 

2) The automorphism : D ^ D is called subgroup reversing if 9G C M and 9M C G. 
If such an automorphism exists, the double D = G ixi M is called self-dual ||2^ . In this case a 
factorisation k = us for u a G and s £ M is sent to 0(k) = 6{u)9{s), and 9{u) is a solution of 
the sigma model on M. In the same manner, if t is a solution of the dual sigma model on M, 
then 9{t) is also a solution of the sigma model on G. In this manner the solutions of the sigma 
model on G and the dual sigma model on M are related by a group homomorphism from G to 
M, and in that sense the models are self-dual. 

Other symmetries may be constructed. For example of we have 0£'+ = £- and 9£^ = £j^ 
then the map 9{k){t, x) = 9{k(t, ir — x)) sends a solution k of the model into another solution. 

The explicit computation of examples of our generalised T-duality along the above lines is a 
topic for further work. However, the data required for the construction do exist in abundance. 
For example, given any two Lie algebras go C 5 whose Dynkin diagrams differ by the deletion 
of some nodes, one has an inductive construction 5 = (nXi0o)txin* where n are braided-Lie 
bialgebras p^]. For a concrete example, one has, locally. 



D = SO{l,n + 1) = (R'^XiSOin)) 

as the decomposition of conformal transformations into Poincare and special conformal trans- 
lations. The group D has a non-degenerate bilinear form as required (although not positive- 
definite). The explicit construction of the required factorisation and the associated bicrossprod- 
uct quantum groups and T-dual models will be attempted elsewhere. 
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